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Abstract: We study T 2 compactification of massive type IIA supergravity in pres- 
ence of possible Ramond-Ramond (RR) background fluxes. The resulting theory in 
D = 8 is shown to possess full SL(2, R) x SL(2, R) T-duality symmetry similar to 
the massless case. It is shown that elements of duality symmetry interpolate be- 
tween massive type IIA compactified on T 2 and ordinary type IIA compactified on 
T 2 with RR 2- form flux. We also discuss relationship between M-theory vacua and 
massive type IIA vacua. The D8-brane is found to correspond to M-theory 'pure 
gravity' solution which is a direct product of 7-dimensional Minkowski space and a 
4-dimensional instanton. We also construct D6-D8 bound state which preserves 1/2 
supersymmetries. We then discuss massive IIA compactification on T 4 and point 
out that when all possible RR fluxes on T 4 are turned on the six- dimensional theory 
appears to assume a nice 5*0(4,4) invariant form. 
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1. Introduction 

Recently considerable attention has been focused on the study of gauged/massive 
supergravity theories owing to their importance in AdS/CFT analysis [1]. In tra- 
ditional methods gauged supergravity theories can be constructed out of their un- 
gauged versions either by gauging a subgroup of the .R-symmetry group and/or by 
gauging the isometries of the scalar manifold using the vector fields in the spec- 
trum [2]. This procedure is incorporated in a manner such that it does not change 
the overall particle spectrum and the number of supersymmetries in the theory. How- 
ever it does, generically, change the properties of the ground state. In most of the 
cases, if a Minkowskian spacetime is a solution of the ungauged theory, it ceases to 
be a ground state in the case of gauged supergravity. Instead the supersymmetric 
ground states are often of the anti-de-Sitter (AdS) or domain-wall type solutions. 
Gauged supergravities with AdS-ground states have been focus of much attention in 
AdS / CFT correspondence as they can be derived through a compactification of ten 
or eleven dimensional supergravity theories on spacetimes involving AdS subspaces, 
e.g., AdS p+ 2 x S D ~ 2 ~ P which are near horizon geometries of p-branes. 

We are interested here in the study of massive supergravities which are closed 
relatives of gauged supergravities. In these theories some of the vector (or tensor) 
fields become massive upon eating other fields in their massless spectrum, analogous 
to a Higgs mechanism. In this procedure again the total degrees of freedom remain 
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unaltered and so does the number of supercharges. A well studied example of a 
massive theory is the massive type IIA supergravity (m-IIA) in D = 10 constructed 
by Romans [3]. In string theory massive supergravities typically can arise in lower 
dimensions through generalized Scherk-Schwarz reduction [4], provided that some 
field strength cL4( p ) of the p-form tensor field is given a non-trivial background 
value (flux) along the compact directions [5]. Such background fluxes can be turned 
on consistently if the action and the field equations depend on only through its 
field strength dA( p y 

Our purpose here is to study massive supergravities in the context of string du- 
alities and Dp-branes. The massive type IIA supergravity has a domain wall solution 
which preserves 1/2 of the 32 supercharges [5] and has been given an interpretation 
of a type IIA D-8-brane. This observation has led to the search for possible du- 
ality connections involving massive supergravity theories analogous to the existing 
duality symmetries in the ordinary (massless) cases. This required the construction 
of new massive supergravities in lower dimensions through generalized dimensional 
reduction [5-21]. However, it has still remained an interesting open question, to 
what extent the generalized compactifications do respect the duality properties of 
the massless cases. In a parallel line of developments Calabi-Yau compactifications 
with background fluxes have also been studied because of their phenomenological 
properties [22-42]. One finds that background fluxes typically generate a potential 
for some of the moduli fields of the theory without fluxes and as a consequence the 
moduli space - and hence the arbitrariness of the theory - is reduced. In addition 
the resulting ground states can break supersymmetry spontaneously. 

In this paper we study a generalized T 2 and T 4 reduction of ten-dimensional 
massive type IIA supergravity with all possible R-R background fluxes turned on. 
Our goal is to investigate the fate of the perturbative 0(d,d) duality symmetries 
and the non-perturbative S-duality. We also discuss the relation of massive type IIA 
theory with M-theory. The paper is organized as follows. In section 2 we briefly recall 
massive type IIA sugra and fix our conventions to be used for the cases of toroidal 
reductions. Section 3 covers the compactification of massive type IIA theory on T 2 . 
We find that provided RR 2-form flux is turned on the resulting eight-dimensional 
theory can be presented in a manifestly SL(2, R) x SL(2, R) invariant form. In 
section 4 we study the vacuum solutions of this massive 8-dimensional supergravity 
and relate them to the solutions of ordinary IIA by using the elements of T-duality 
group. We uplift these ordinary IIA vacua to eleven dimensions. Particularly the D8- 
brane is shown to correspond to a pure gravity solution in eleven dimensions which 
contains an do main- wall-type instanton line element. Thus perturbative T-duality 
symmetry interpolates between vacua of massive and massless type IIA theories 
compactified on T 2 . This property also allows us to further relate massive type II 
vacua to eleven dimensional solutions. In section 5 we obtain a D6-D8-brane bound 
state which preserves 16 supercharges. In section 6 we outline the compactification 
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on T 4 and point out that the massive IIA theory on T 4 will have a full SO (4, 4) 
symmetry provided all the RR fluxes for all the fields are turned on. Finally we have 
summarized our results in the section 7. 



2. Review 

The type IIA supergravity in ten dimensions, which describes the low energy limit of 
type IIA superstrings, contains in the massless bosonic spectrum the graviton §mn, 
the dilaton </>, NS-NS two-form Br 2 \, a R-R one- form Am and a R-R three- form C( 3 y 
The fermionic fields consist of two gravitini and two Majorana |-spinors. Massive 
type IIA supergravity (m-IIA) [3] is a generalization of that to include a mass term 
for the 5-field without disturbing the supersymmetry. More precisely, the S-field 
becomes massive through a Higgs type mechanism in which it eats the vector field 
A. The supersymmetric bosonic action for massive IIA theory in the string frame 
can be written as 1 



S 



e -* \Ir*1 + d4> - \h {z) % 3) \ - l -F m *F m - ijfy *F W - ^ 



-dC( 3 )dC(3)B(2) + 2^(7(3) + -dAmdAmB^ + -mdC^Bf 



4 ~ , ~ 3 4 

'(2) T- 2^(1)^(1)^(2) + g w ^(3)^(2) 

+2mdA m Bf 2) + ^m 2 5 ( 5 2) ] , (2.1) 

where m is the mass parameter. The various field strengths in the action ( p.l|) are 
given by 

H {3) = dB {2) , F (2) = dA {1) + 2mB (2) , F (4) = dC {3) + 2B (2) dAm + 2mBf 2) . 

(2.2) 

Note that potentials A and (7 appear only through their derivatives in the action 
fl2~T|) and thus obey the standard p-form gauge invariance A[p\ — > A^ +c?A(p_i). The 
two-form _B on the other hand also appears without derivatives but nevertheless the 
'Stueckelberg' gauge transformation 

5A = -2mA ( i) , 5B = dXm , 5C = -2\ (1) dA (2.3) 

leaves the action invariant. 

As we shall turn to the compactification in the later sections let us recall here 
some facts about toroidal compactifications. Standard Kaluza-Klein reduction con- 
siders the theory in a spacetime background x T d , where Mp is a non-compact 
D-dimensional manifold with Lorentzian signature while T d is a <i-dimensional com- 
pact torus. This ansatz is consistent whenever the spacetime background satisfies 

^ur conventions are same as in [18] where every product of forms is understood to be a wedge 
product. We denote a p-form with a lower index like (p) and later drop it, for simplification, when 
it becomes obvious. 
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the (D + (i)-dimensional field equations. However, for massive type IIA there are 
no direct product Mo x T d solutions; instead the ground states are domain-wall (D- 
8-brane) solutions [5], see section 4. It has been discussed in [5] that Kaluza-Klein 
reduction can still be carried out for such theories. The T 1 compactification of mas- 
sive type IIA has been discussed at great length in [5]. These ideas have also been 
applied to K3 compactifications recently [18]. 

Thus for the 10-dimensional zehnbein we take the standard toroidal ansatz 

e & M (x,y)= ( e ^ n X) ^) , (2.4) 



e, 



where coordinates y m (m = l,...,d) are tangent to the tori. The internal metric 
on tori is given by G mn (x) = e % m 6ije^ n while the D-dimensional Minkowski metric 
is gfj, v {x) = e"jT]ab& b v are the Kaluza-Klein gauge fields. Let us define gauge 

invariant d one-forms 77^ = dy m + KVj\ . 

The standard toroidal ansatz for the dilaton and the NS-NS two-form B is 

fe,y) = fe) , B [2) (x,y) = B (2) (x) + A m (x) r, m + ^B mn (x) rj m rj n , (2.5) 

where B {2) = B {2) - \A m K m with B being a 2-form in D dimensions, A m are d 
vector potentials and the B mn represents scalar fields antisymmetric in m, n indices 
(m,n = 1, ...,d). With these ansatze the NS-NS part of the action ( j2.1|) reduces as 
follows [43] 



e -2<P 



l -R *1 + d4 *d<f> - ^H 3 *H 3 + ^dG mn *dG mn - l -dB mn *dB pq G mp G n i 



with 



■\dK m *dK n G mn - \{dA m - B mp dK p ) *(dA n - B nq dK«)G mn ] , (2.6) 

o 2 

20 = 20 - i In G, F (3) = dB- ^(A m dK m + K m dA m ) , (2.7) 

where G represents the determinant of the internal metric. 

In the next sections we shall consider the specific cases where we consider the 
compactifications of m-IIA on even tori. We are focusing on even tori as we are 
interested in generalized reduction with the presence of RR-fluxes. Note that type 
IIA involves only even-form field strengths in the RR sector. The compactification 
of m-IIA on T 1 has been discussed in [5] which also involves a generalized reduction 
of type IIB in order to study duality symmetry. Similarly a T 3 reduction of m-IIA 
has to deal with the generalized reduction of type IIB on T 3 . 

3. Compactification on T 2 

Here we specifically consider the case of compactification on a 2-torus. For the 
one-form Am and the three-form Cy 3 \ we would consider a generalized Kaluza-Klein 
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ansatz where background fluxes are considered. This generalization is possible since 
A(i) and Cp) appear in the action (|2.1|) only through derivatives, therefore an ap- 
propriate background value can be consistently turned on. We take the following 
generalized ansatz 

A(x, y) = A(i)(x) + A [0)m (x, y)dy m , 

C(x,y) = C (3 )(x) + T (2)m (x)dy m + ±V {1)mn (x)dy m dy n (3.1) 

Note that the scalar-forms are allowed to retain a dependence on the coordinates of 
the torus unlike in standard toroidal reduction. The consistency of toroidal reduction 
requires it to be at most a linear dependence on the torus coordinates, we fix it to 
be 

A m (x,y) = a m (x) - -rn mn y n , (3.2) 
where constants m mn are antisymmetric in indices (771,71 = 1,2). This will give us 

dk = VA + Va m rT + ^m mn r/ m r/ n , 

dC = 2X7(3) (a) + VT {2)mV m + ^dV {1)mnV m V n (3.3) 

where various D-derivatives are defined as 

VA = AA - d a m K°> + \ mmn K~K» , Va m = da m + »,„„A'», 

VT m = iTm + d V mr ^, VC^iC- d T m K- + \ d V m K^. (3.4) 

Note that various forms can be distinguished by their symbols and the internal indices 
they carry. Thus we see explicitely that even if the potential A in (|3.1| ) depends upon 
the torus coordinates, the derivatives in (|3.3|) do not. This dependence also drops 
out in the action and the field equations. Through above generalized ansatz we 
have effectively introduced one new parameter 777.12 in the guise of 2-form flux. This 
generalization has been possible only because A\ appears in the action covered with 
derivative and T 2 has one 2-cycle along which an appropriate background flux could 
be turned on. 

The massive field strengths in (|2.2|) become 



'(2) 



(VA + 2mB) + (Va n + 2mA m )r] m + -{m mn + 2mB mn )r] m r] n , 



F {4) = (DC + 2BVA + 2mBB) + (VT n + 2BVa m + 2A m VA + 4mBA m )r] r ' 

(3.5) 



+-(VV mn - AA m Va n + 2B mn VA + 2Bm mn + 4mBB mn - AmA m A n )r] m r] r 
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Altogether, the bosonic spectrum of the reduced 8- dimensional theory consists of 
the graviton g uu , dilaton 0, 2-form B, 4 scalars, and 4 vectors (A m , K m ) in the NS- 
NS sector. From the R-R sector we have 2 scalars a m , 2 vectors (Vu, A), 2 tensors T m 
and one 3- form C whose field strength is (anti) self-dual in D = 8. Also we have two 
parameters myi and m. This is the bosonic content of maximal type II supergravity 
theory in D = 8. In the massless case these fields fit into various representation of 
the T-duality group SL(2, R) x SL(2, R) ~ SO{2, 2). Here too various fields combine 
into the SL(2, R) x SL(2, R) representations as 

K 2 K 1 

A r ( ^ = (A r \A r2 ), A ru=l = (A u A 2 ), A ru=2 — 1 ^ 



l (i) — \^ )i ^ — v^i> n — 2~ 

r 

L (0) 



cfirt = (ai,a 2 ), f {2) = (T u T 2 ), A U {1) = (-V 12 ,A), m u = (-m 12 , m), (3.6) 



where indices r = 1,2 belong to first SL(2,R) while indices u = 1,2 belong to 
the second SL(2, R) group. Note that the mass and flux parameters also fit into a 
fundamental representation of SL(2,R). 

In order to obtain the action of the massless modes for this theory we substitute 
the ansatz fl2.4| )-( |OD into the action fl2.1|) . The resulting eight-dimensional bosonic 
action reads in the kinetic part 



S D , 



J \^' 24> {R *1 + 4 d(j> *d(j> -2H 3 *H 3 -2 dA ru *dA sv M~ 1 M^ 

+-Tr dM- 1 *dM + -Tr dikT 1 *dM) \ VG 
4 4 J 2 

~n*F'(3)(M ) rs *^(3) ~~ n^Tl) (M )uv *-^7j 



2 J (3)\ 1V± Jrs J (3) (2)K JVI Juv ~> ( 2 ) 



--F (1) (M- l ) rs *F S {1) - -m u (M- l ) uv *m v + Scs , (3.7) 



where the Chern-Simon part of the action is 

Sc-s — 



J -bgg + g {-2{VT m + 2Va m B + VAA m + 2mBA m )A n + dV mn B + m mn BB} e 1 

VT m VT n B - {2VT m Va n + VV mn VA - 2VAVAB mn } (B) 2 

4 2 4 1 

+ \ AmVAB mn - -mVV mn - -m mn VA - -Va m Va n \ (B) 3 



+ (2m 2 B mn - m m mn ){Bf e mn , (3.8) 



with e 12 = 1 and we have defined b = —B 



12; 



20 - - In G, H {3) = dB + A ru dA sv L rs £ t 
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Various R-R field strengths in the above action are 



= da r + 2m u A r u 
J^ 2) = dA u - 2da r A u r - 2m v A r v A u r + 2m u B, 

F m = df + 2dA u A r u - 2da s A u s Al - + ^T\ x) 

(4) =VC + 2BVA + 2mBB. (3.9) 

The indices r and u can be raised or lowered by the use of two SL(2, R) metrics L 
and C, respectively. The two metrics are given by 



1 

The uni-modular matrices which belong to two SL(2, R)/SO(2) cosets are given by 
», i fG 11 G 12 \ , 1/1 2b 

m- = Vg( g21 G22 j, M- = ^=( 26 4(6)2 + G 

and they satisfy M T LM = L, M 1 CM = £ . 
Under an SL(2, R) transformation 



rv 



M -> AMA , A u -> A u „^, A™ -> A U „A 
m" -> A^m 11 , (3.11) 

with A C A T = C The same is true for other SL(2, R) group with acts upon r, s 
indices. 

Note that the kinetic terms in the action except the terms involving 4-form field 
strength Q remain invariant under the action of above T-duality group. We have not 
provided the explicit invariant form for the Chern- Simon terms which also remain 
invariant provided the flux m 12 and mass m transform as an SL(2, R) doublet. It 
remains to be seen if the field equations and the Bianchi identity for 3-form potential 
C transform covariantly. Let us write down the field equation for C. From the 
8-dimensional action in ( |3.7|) we get 

d 



G *g + 2b Q) + [ - 2(VT m + 2Va m B + VAA m + 2mBA m )A n 
+dV mn B + m mn BB}e mn } = = d(dC (3) ) , (3.12) 



where Cr^) is defined to be the dual 3-form potential. If we now define Q 1 = — yG *Q— 
2b Q and Q 2 = Q, then field equation ( |3.12|) simply becomes a Bianchi identity for 
C*( 3 ). This Bianchi for and the Bianchi identity for CV 3 ), which can be derived 
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from its field strength in (|3.9| ), form an SL(2,R) covariant set of equations. From 
this we can write down SL(2, R) 4-form field strength as 

g u = dC u - 2dt r A ru - 2dA v A v r A ru + \da r A r v A v s A su 

+ \m w A™A r v A v s A su + 2^ 2) B + 2m u {B) 2 , (3.13) 

where 3-forms are C u = (C, C) which transform as SL(2, R) vector. 

The action ( |3.7| ) possesses Stueckelberg gauge invariances which is obvious from 
the investigation of the field strengths in eq.( |3.9| ). Through these gauge invariaces, 
the vector fields A ru can eat the scalars a r and can become massive. Similarly the 
tensor field B can eat one of the vector fields A u and can become massive. Explicit 
gauge transformations of the fields can be derived from those in (|2.3| ). 

This completes our analysis of the eight-dimensional massive type II supergrav- 
ity action which we have shown to possess an explicit SL(2, R) x SL(2, R) T-duality 
symmetry provided the flux m 12 and the m-IIA mass m transform as SL(2, R) dou- 
blet. Note that this restoration of the T-duality symmetry of the massive II theory 
in D = 8 is direct consequence of our ansatz in ( |3.2| ). Under this structure the 
mass and the flux behave in identical manner. If we start without any flux we can 
generate a flux by making an SL(2, R) rotation, see next section. In other words, if 
we compactify m-IIA on T 2 without RR flux, the resulting massive theory in D = 8 
can be mapped to ordinary IIA theory compactified on T 2 with RR 2-form flux, by 
making use of the duality symmetry. 

We are not surprised with this identification between flux and mass. It is the 
repetition of the story when m-IIA is compactified on a circle of radius R and type 
IIB strings compactified on a circle of radius 1/R along with RR 1-form (axionic 
scalar) flux. This identification has been crucial in order to make massive T-duality 
in D = 9 manifest [5]. Similar phenomenon has been shown to be repeated for the 
case of compactification on K3 manifold also [18]. 

4. D8-brane vs M-theory instanton 

The ten-dimensional massive IIA supergravity theory has D8-brane (domain-wall) 
solutions which preserve sixteen supercharges [5]. In the string frame metric the 
solution is given by 

ds 2 = H- 1/2 (-dt 2 + dx\ + --- + dxl + dyl + dy 2 2 ) + H 1/2 dz 2 , 

20 = -^lntf, (4.1) 

where H = const. +2m\z—Zo\ is a harmonic function of only the transverse coordinate 
z and all other fields have vanishing background values, Zq refers to the location of 
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the domain- wall. We compactify this solution by wrapping two of its world-volume 
directions, say yi,y 2 , on T 2 . The corresponding 8-dimensional domain- wall (or 6- 
brane) solution can be written down using our analysis of the last section 



ds\ = H-V 2 {-dt 2 + + Hl/2d 



z 2 



i=i 



20 = 20- -InG = -2\nH , 

m u = (0,m), M = diag(iJ^\i/5) ; (4.2) 

while other 8-dimensional background fields vanish. Clearly this vacuum configura- 
tion corresponds to the situation when there is no background flux. The solution 
( |4.2| ) still has 16 unbroken supersymmetries. Let us note that similar domain-wall 
type solutions appear in various situations and in one such case domain-wall solution 
are discussed in [6] where a massive 8-dimensional theory is obtained from generalized 
reduction from 9-dimensional type II theory to eight dimensions. 



Now, by applying an SX(2, R) transformation (|3.11| ) on the background fields in 
72]) new solutions with non-trivial R-R flux can be generated. Let us consider the 
special case of SL(2, R) transformation given by 



A , 

Inserting A and the configuration ( f4.2|) in ( |3.11| ) we get 

»-(a^-(T)^-(?«i)^-(?^).^ 

while eight-dimensional metric and the dilaton remain invariant. The transformed 
mass vector m' u implies that the new configuration is a solution of a massless IIA 
compactified on T 2 with 2- form flux along T 2 . 

Now lifting the solution (|4.4j) back to ten dimensions, we get the following type 



IIA configuration (we write them with a prime) 

ds' 2 = H^ 2 (-dt 2 + dxl) + H^idz 2 + dy\ + dy 2 2 ) , 

i=l 

20' = ~ In H , F[ 2) =m dy x A dy 2 . (4.5) 

According to our ansatz in ( |3.2j ) it corresponds to A',^ = m y[idy 2 ]- Since under 
the SL(2,R) transformation ( |4.4| ), G — > 1/G, it amounts to making T-duality along 
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both the torus directions, therefore the background (|4.5|) represents an stack of D6- 
branes in ten dimensions filling the transverse T 2 and have non-trivial 2-form flux. 2 
Since this solution is obtained by incorporating T-duality transformation ( |3.11| ) the 



number of preserved supercharges remains unchanged. Soon we will show that the 
type IIA solution in ( f4.5| ) becomes an instanton in M-theory set-up. 

Thus by making an SL(2, R) transformation we have transformed 8-brane so- 
lution of m-IIA into a 6-brane solution of ordinary type IIA which is supported by 
a non-trivial 2-form flux. Thus, the 8-dimensional perturbative duality interpolates 
between vacua of massive type IIA and ordinary type IIA. It is similar to the situa- 
tion encountered in the case of massive type II duality in D = 9 [5]. Further solutions 
in D = 8 and D = 10 can be generated by using other elements of the duality group 
which mix the mass m with the flux m^- We shall consider one example of this type 
in the next section. 

M-theory instanton: Since ordinary type IIA theory compactified over T 2 is 
equivalent to M-theory on S 1 x T 2 , the solutions of massive IIA can be lifted to 
eleven dimensions by first mapping them to the solutions of ordinary IIA by using the 
SL(2, R) element (|4.3| ) and then lifting them to eleven dimensions. The configuration 
in eq.( |4.5| ) is a massless IIA background and can be lifted to eleven dimensions. 
Correspondingly we get the following eleven dimensional solution 

ds 2 n = e^(dx n + 2A M dx M ) 2 + e~^ds 2 l0 



6 

H~ l (dxn + m{%j\dy2 — yidyxj) 1 + H{dz 2 + dy\ + dy 2 ) — dt 2 + dx 2 , 
H = const. + 2m\z — zq\ , (4-6) 



where xn is the coordinate of 11-dimensional circle S 1 , y± and yi are also periodic 
while other fields vanish. This is a pure gravity solution in eleven dimensions and has 
the geometry which is a product of a 4-dimensional euclidian instanton (we clarify 
next why we call it an instanton), S 4 , and a 7-dimensional Minkowski space, M 7 . 

Let us focus on the properties of the instanton line element in the above, we 
rewrite it as 

dsj nstanton = H-\dr + Kf + H(dz 2 + dy[ + dy 2 2 ), 

H = const. + 2m\z — z \, K = m(y 1 dy 2 — 2/2^2/1) (4-7) 

with r = Xn being periodic. At closer examination we find that this (yi, y 2 are 
compact coordinates but their radii can be taken large enough) looks like a domain- 

2 Note, there is not much distinction between these domain-wall-type D6-branes and the usual 
(asymptotically flat) D6-branes which depend on all the transverse coordinates and are magnetic 
duals of DO-branes. The domain- wall- type D6-branes are equally possible in type IIA theory and 
are BPS objects. 
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wall-type generalization of Taub-NUT instantons [44] 



ds 2 T _ N = V~ 1 {dr + n(x)) 2 + V(dx( + dx\ + dx 2 3 ), (4.8) 

in which V(x) = e + i^z~^T ) with V and the 1-form f2 satisfying dV = *dQ . The 
Hodge-dual is defined over flat transverse x-space. Precisely in the same way, H and 
K in (|4.7| ) also satisfy an identical relation 

dH = *dK , 

where Hodge-dual is defined over flat z, yi, 2/2 space. Moreover the spin connections 
and the curvature 2-forms of ( |4.7|) are self-dual 



1 n ^ ns n ^ 12 n 2 

^2 = ^ 3 = ~j^e, u i = u 2 = ~j^e, u 3 = u 1 = j^e 

J2 1 a = J2° 3 = ^(e 3 e° + e 2 e 1 ), i? 3 x = R° 2 = ^(e 3 e 1 + e° e 2 ), 

i? 2 3 = J R°i = ^(e 2 e 3 + e°e 1 ), (4.9) 

with the basis e° = H^(dr + myx&y-i — my2dyi), e 1 = H^dyi, e 2 = H^dy2, e 3 = 
H^dz. Thus the line element in (|4.7|) is essentially a Taub-NUT instanton in four 
dimensions, and is of a new kind in that it has a domain- wall type extent. Thus we 
call it a domain-wall-instanton. 

We note that a 11-dimensional solution almost similar to ( [4.6D also appear in 
[6,8], perhaps authors miss in identifying them as instanton line elements. The line 
element in ( |4.6j ) differs in the structure of the connection 1-form K from the previous 
occasions. The present form of K crucially depends on our reduction ansatz in (|3.2| ). 
This affects the periodicity of the coordinate, r, of the circle S 1 which is fibred over 
the base z, yi, yi. We note that the periodicity of coordinate r is independent of 
the periodicity of the T 2 coordinates y\ and 1/2 which is not the case discussed in [8] . 
That is we can choose the periodicity of T 2 independent of S l . It is essential in 
order to make the connection between m-IIA and M-theory. The duality element 
( |4.3| ) takes T 2 to its inverse size when we relate D8-brane with D6-brane which is 
subsequently oxidised to M-theory. Thus to get a decompactified D8-brane of m-IIA, 
T 2 on the M-theory side must be taken to zero size independently of the size of S* 1 
(which also goes to zero in type IIA limit), and the vice- versa. This zero area limit 
has also been imphasized in the work of Chris Hull [15] although from the perspective 
of F-theory, as the analysis there deals with generalized compactification of IIB on 
S 1 [5] . While in present set-up we do not encounter that situation as we all the time 
remain in IIA set-up. 

Thus D8-branes of massive type IIA theory emerge from purely geometrical 
considerations of the M-theory such that it involves 'domain-wall-instanton'. Thus we 
are tempted to claim that M-theory compactifications on M 7 x £ 4 will correspond to 
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massive IIA compactification on 2-torus. The sketch below is an effort to summarize 
the whole picture 



M-theory on M 7 x £ 4 



massive IIA on T z 



(G~i) 
< > 



IIA on T 2 & 2-form-Flux 



5. D6-D8 bound state 

In the above we have studied the background configurations which either have mass 
or flux but not the both. By making a more general SL(2, R) transformation we can 
generate vacuas in which both mass and the flux are nontrivial. Let us make the 
following SL(2, R) rotaion 

^ / cos9 sinO \ ^. 
V —sinO cosQ J 



Using the transformations ( |3.11 ) and applying them on the configuration in (4.2) 



we get the transformed configuration with 

u / m sin9\ ( H^~cos 2 9 + H^sin 2 9 (—H^+H^)cos8sin9 

\m cosd ) ' I (—H^~ + H^)cos6 sinO H^~sin 2 6 + H^cos 2 9 

(5.2) 

while the eight-dimensional metric and dilaton remain same as in ( f4.2|) . Uplifting 
(|5.2|) to ten dimensions gives us 

ds 2 w = H 1 ' 2 {H-\-dt 2 + dx 2 ) + H'-\dyl + dy 2 2 ) + dz 2 } , 

e 2 ^ = g 2 H- 3/2 H'^ , F (2) = —m sin6H'- 1 dy 1 A dy 2 , 

9s 

2B yiy2 =tan9{l + H l _ l J s2Q )-\ (5.3) 

where H = const + 2m\z — Zq\ and H' = cos 2 9 (H — 1) + 1. We have introduced 
the parameter g s which represents string coupling constant. Since this configuration 
is a solution of massive IIA theory (with new mass parameter m c ° sQ ) and also has 



nontrivial 2-form flux, our interpretation is that ( |5.3|) represents a bound state of D6 
and D8 branes. Moreover it preserves 16 supercharges. Note that the asymptotic 
(z — > 00) value of B is proportional to tanO which is usually the case with D(p — 2)- 
Dp bound states for (2 < p < 6) [45]. It would be therefore interesting to study the 
non- commutative Yang-Mills (NCYM) decoupling limit [46] for the D6-D8 bound 
state in ( |5.3| ), which we leave for a later investigation [47]. 
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6. Compact ificat ion on T 4 



Through a similar procedure a generalized compactification of m-IIA theory with 
R-R fluxes can be carried out on a four-torus as well. On a four-torus we have 
six 2-cycles and one 4-cycle. So we can switch on fluxes correspoding to each of 
these cycles. This will add seven new flux parameters in the six-dimensional theory. 
These seven parameters and the mass will combine into an eight-dimensional spinorial 
representation of the SO(4,4) T-duality group. A generalized Kaluza-Klein ansatz 
can be written as 

A(x,y) = A(x) + (a m (x) - ^m mn y n )dy m , 

6{x, y) = C (3 )(x) + T (2)m (x)dy m + ^V (1)mn (x)dy m dy n 

+ ^(s i0)mnp (x) - ^Pmn Pq y 9 )dy m dy n dy p , (6.1) 

where all the scalar-forms are allowed to retain up to a linear dependence on the coor- 
dinates of the torus. Flux parameters m mn and 3 mnpq are completely antisymmetric 
in their indices, m, n = 1, 2, 3, 4. Then 

dA = VA + Va mV m + ^m m „?/V, 

dC = VC {3) (x) + VT {2)mV m + ^VV (1)mnV m V n 

+ ^Vs {0)mnpV m V n V p + l/^rA/W (6-2) 
where various derivatives V are given by 

VA = dA - da m K m + l -m mn K m K n , Va m = da m + m mn K n , 
T> s — (1 H + S K q 

T-^V mn dV mn ds mnp K -\- ~/3 mnp qK K q , 



VT = dT + dV K n + -ds K n K p + —3 K n K p K q 

V( • <IC dT,,, A"'" + ^dV mn K m K n - ^ds mnp K m K n K p + ^3 mnpq K m K n K p K q . 

(6.3) 



Thus we see explicitely that even if the potential depends upon the compact torus 
coordinates but this dependence is dropped out in their derivatives so also in the 
field equations. Correspondingly, massive field strengths in (|2.2| ) become 



F {2) = {VA + 2mB) + (Va n + 2mA m ) V m + X -[m mn + 2mB mn ) V m V n 
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F (4 ) = iVC + 2BVA + 2mBB) + (VT m + 2BVa m + 2A m VA + AmBA m )r] m 

+i(W m „ - 4A m Va n + 2B m „IM + 2Bm m „ + 4mBB m „ - 4mi ra i„),>» 

(Dsmnp + 6B mn Va p + 6A m m np + l2mA m B np )rj m rf l rf 

m rj n r) p r) q . (6.4) 

As in the case of ordinary type II A compactified on T 4 [48], the 8 vector fields 
(A m , K m ) coming from the fields in NS-NS sector transform in the vectorial represen- 
tation of 50(4,4), 8 scalars (a m , s mnp ) transform in the eight- dimensional spinorial 
representation R s , 8 vectors (A, V mn , dual of C(3)) coming from the R-R sector 
transform in the another spinorial representation R c , 4 tensor fields T m split into 
eight (anti) self-dual 3- form field strengths and there field equations transform co- 
variantly. Finally from the examination of various field strengths we determine that 
eight masses and fluxes (m, m mn , (3 mnpq ) fit in the eight dimensional representa- 
tion R c . To see this explicitely let us write down the contribution from purely mass 
terms which follow from the Lorentz scalar contractions of the last terms of the two 
equations in 



~Y 2 F *-2 F * F '-^T ] 

= ~\J d 6 x eVG[(m) 2 + i(m mn + 2mB mn )(m pq + 2mB pq )G mp G nq 

+ ^(Pmnpq + IZmirnnBpg] + 12mB[ mn B pq ]) 2 + other terms (6.5) 

where internal indices are contracted with the metric G mn on the four-torus. Thus 
the mass m and seven fluxes arrange themselves into a representation, R c , same 
as the eight RR vector potentials, and transform under 5*0(4,4) accordingly. The 
terms on the right hand side of eq. ( |6.5[ ) represent 50(4,4) invariant contribution of 
the mass (or cosmological constant) terms to six- dimensional massive II theory. In 
other words the massive six- dimensional type II theory obtained in this way will have 
50(4,4) invariance provided the fluxes and masses transform in the 8 dimensional 
spinorial representation of 50(4,4). 

To recall, situation here is analogous to the case of massive type IIA theory 
compactified on K 3 [18] where mass and the RR fluxes fit into a vectorial represen- 
tation of 50(4,20) duality group. However the number of supercharges are double 
here. The duality group 50(4,4) mixes mass and various fluxes and all of these 
fluxes on T 4 can be lifted to eleven dimensions, case by case. In the picture below 
we have summarized a case where 4-form flux on T 4 is lifted to eleven dimensions. 
The 4-form flux gives rise to 4-form flux in eleven dimensions along the compact 
four torus. The vacuum solutions with 2-form fluxes would be interesting to study 
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as they will give rise to pure gravity configurations in eleven-dimensions like the 
domain- wall-instanton in the previous case of T 2 . 



M-theory on S 1 x T 4 & 4-form-Flux 



massive IIA on T 



(G~|) 



IIA on T 4 & 4-form-Flux 



Above sketch is quite similar to a sketch in [18] where M-theory compactification 
on S 1 x K3 with flux is discussed. The M-theory solution for S 1 x T 4 compactification 
with 4-form flux can be obtained by replacing K3 line element by a T 4 line element 
in the equations (4.2) of [18]. 

7. Summary 

In this paper we have studied the T 2 compactification of ten-dimensional massive 
type IIA theory with Ramond-Ramond background flux corresponding to 2-form 
field strength. We found that the resulting eight-dimensional theory is a SL(2, R) x 
SL(2, R) symmetric massive supergravity theory. The mass and the flux parameters 
transform under SL(2, R) accordingly. Thus the perturbative T-duality survives 
even at the massive level when appropriate masses and fluxes are switched on. Next 
we have shown that this duality symmetry interpolates between vacua of massive 
type IIA compactified on T 2 and vacua of ordinary type IIA compactified on T 2 
with a RR 2-form flux. The wrapped D8-brane solution of massive type IIA turns 
out to be T-dual to D6-brane solution of ordinary type IIA theory. This relationship 
between massless and massive IIA vacuas on T 2 also suggests an 11 -dimensional 
interpretation of massive IIA theory. We find that the D8-brane is related to pure 
gravity vacua of M-theory which is a direct product of seven-dimensional Minkowski 
space and 4-dimensional instaton. This Ricci-flat instanton turns out to be a domain- 
wall generalization of Gibbons-Hawking multi-center Taub-NUT instanton. Thus the 
compactification of M-theory on such instantons will tell us more deeply about the 
spectrum of massive type II sugras in lower dimensions. 

We have shown that D6-D8 brane bound states can also exist in massive type 
IIA similar to the ordinary D(p — 2)-Dp brane bound states in constant magnetic 
Z?-field background. It would be interesting to investigate if there are corresponding 
non-commutative Yang-Mills theories [46] for D6-D8 bound state. 

We also discuss the compactification of massine type IIA on T 4 . We find that 
the mass and the seven R-R fluxes organize themselves into an eight-dimensional 
representation of duality group 5*0(4, 4). Many of the features of these fluxes will 
be similar to the case of T 2 compactifications. 
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Finally let us say something about strong-weak dualities. The full duality sym- 
metry group of type II theory in eight dimensions is SL(2, Z) x SL(3, Z) which 
includes the strong-weak duality elements. This non-perturbative duality group can- 
not be restored in our set-up as we cannot generate more flux parameters than what 
we already have. However, there is an SL(3, R) symmetric massive type II action 
worked out in [49] from T 3 compactification of a massive 11-dimensional sugra [13]. 



Note added: After this work was communicated I came to know about the overlap 
between 11-dimensional solution in section 4 and the works in [50,51]. 
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